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ABSTRACT 

Let F be a field of characteristic p. Teichmliller proved that  any p-algebra 

over F of index pn and exponent pe is similar to a tensor product with at 

most p~!(pn!- l )  factors of cyclic p-algebras over F of degree f .  In this 

note we improve Teichmiiller bound for two particular types of p-algebras. 

Let L be a finite separable extension of F.  If A is a cyclic p-algebra over 

L of degree pe we show that COrL/F A, the corestriction of A, is similar to 

a tensor product with at most [L : F] factors of cyclic p-algebras over F 

of degree p e  Moreover we prove that [L : F] is the best possible bound. 

From this we deduce that if A is a cyclic p-algebra over F of degree p'* 

and exponent pe then A is similar to a tensor product with at most pn -e  

factors of cyclic p-algebras over F of degree pC. 

I n t roduc t i on  

Let F be a field of characteristic p. We denote by Wn(F) the group of truncated 

Witt vectors of length n [see J, §III.4]. Ifw E Wn(F) and a E F*(:-- F -  {0}) the 

symbol [w, a)F will represent the cyclic p-algebra of degree p'~ over F generated 

by elements 81,02,..., On, u satisfying the rules 

~pn ~ a~ 

~'0:= 0 p - O  = w  
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and 
uOu -1  = O + 1, 

where 8 is the Witt vector (81,82,..., On) E Wn(F(01,. . . ,  On)), 

0p := ( 7 ,  0~, . . . ,  0~), 
uOu - 1  : =  ( u O l u - 1 , .  . . , u O ,  u - 1 ) ,  

1 := (1, 0 , . . . ,  0) ~ Wn(F). 

We call these algebras f - s y m b o l  algebras. For n = 1 we get the usual p-symbol 

algebra [see R, p. 269]. 
Witt proved that any cyclic p-algebra of degree f is a f - s y m b o l  algebra [see 

Wi, §6]. The class of a f - s y m b o l  algebra over F in Br(F), the Brauer group of 

F,  will be called a f - symboL To simplify notations we still denote by [to, a)F 

the class of the f - s y m b o l  algebra [to, a)F in Br(F). These f - symbols  satisfy 

the following rules. 

PROPOSITION 1: Let to, to~ in Wn(F); al ,a~,. . .  ,an in F and b,b ~ in F* then, in 

Br(F), we have 

(i) [to, b)F q- Ito', b)F = [~ "Jr to', b)F, 
(ii) [to, b)F q" [to, bl)F = [to, bbl)F, 

(iii) [(0,al ,a2, . . .  ,an),b)F = [(al , . . .  ,an),b)F, 
(iv) [(b,0, . . . ,0),b)F = O. 

Proo~ See [Wi; Satz 16, 16] for (i) (ii) and (iii), and [T1] for (iv). I 

We can now rewrite an important theorem due to Albert with the symbol 

notations: 

PROPOSITION 2 ([A, chap.VII, theorem 28]): Let A be a p-algebra over F split 

by a purely inseparable extension F( ,~ '~,  ,~/ '~ , . . . ,  ,~c~,). Then in Br(F) we 

have 
8 

[A] = ~[to , ,a , )~  
i----1 

for some tol,w2,... ,to, in W,(F).  

In [T2, Satz 27] Teiehmiiller proved that any p-algebra of exponent f and index 

f is split by a purely inseparable extension K of exponent e (i.e. K f C F)  such 
that [K : F] = f . f ! . ( f ! - l ) .  So by Proposition 2 we deduce that the f -symbols  
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generate Brp.(F), the pt-torsion subgroup of Br(F) (:= {tr 6- Br(F) : ptot = 0}). 

And moreover, for a given p-algebra A of index p" and exponent p ' ,  Teichmiiller's 

result tells us that [.4] is a sum, in Br(F), of f -symbols  with at most p"!(p"!-  1) 

terms. This yields an upper bound of the number of terms in the decomposition 

of the class of any p-algebra of index p". 

In this note we improve Teichmiiller's bound for two special types of p-algebras. 

If L is a finite separable extension of F,  w • W,(L)  and a • L* then we show 

that corL/F[w,a)L is a sum of p"-symbols with at most [L : F] terms. Moreover, 

this bound is the best possible. This is a generalization of [M, §3] and [R-T]. We 

also prove that the class of a cyclic p-algebra of degree p" and exponent p'  is a 

sum of f - symbols  with at most p , -e  terms. 

See [It] or [D] for unexplained notation or terminology. 

I .  The  Cores t r ic t ion  of  f - S y m b o l s  

Let F be a field of characteristic p, F, be a separable closure of F and L be a 

finite extension of F in F,. Let GF = Gal(Fs/F) and GL = Gal(Fs/L). Recall 

that GL acts on Wai L) by 

ff '(01,02,. . . ,0n) 'r-----(ff(01),~(02), . . . , ff(0n)).  

Moreover for any X 6 H 1 (GF, Z/p"Z), there exists w e W, (F)  such that X(a) = 

e z / f z ,  w e GF (see IS] p 183). We will write this element X~- 

We denote by corL/F the corestriction homomorphism form Br(L) to Br(F) (see 

[R], §7.3]) and by cot the corestriction homomorphism of cohomological groups 

defined in [S, Chap. VII, §7] or [Ta, §2]. 

PROPOSITION 3 (Projection formula): 

(i) corL/F[W,a)L = [w, NrL/F(a))F Vto 6 W,(F)  and a 6 L*. 

(ii) corL/F[W,a)L = [TrL/f(w),a)f  Vco • Wn(L) and a • f* .  

Proof." From the exact sequence 

"f p,/p*f 

we deduce the exact sequence 

1 -~ H'(GF,F:/F: f) -* H2(GF,F:) ~ H2(GF, F:), 
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and so we see that 

H'(GF, F~/C f) ~- Br~.(F) .  

Now by the Projection formula [W; Prop. 4.3.7, p. 160] for the following cup- 

product: 

H,(GF, Z/pnZ) × ttO(GF,F~) o HI(GF, F ~ / F , f )  

and the fact that  cor and corL/F commute with the above isomorphism we see 

that  it sufllces to check that for a E H°(GL, F*~ ) = L* and Xo, E HI(GL, Z/pnZ) 

we have 

and 

We leave this to the reader. 

cora=NrL/F(a) 

c o t  Xw = XTrL/Fw- 

| 

The next lemma is crucial in the proof of our main result. 

LEMMA: Let L be a lqnite separable extension of F of degree r. If a E L then 

"~/'a e L( '~/~, '~1,..., '~ bv/-ff~r-1) for some b0, b,,..., br-1 in F. 

Proo£" Since F(a) = F(a f )  C L we have 

r-1 

a = E biaiP~ 
i=0 

for some bo,bl,... ,b,-1 in F.  And so 

r--1 
a' 

i=0 

Here now is our main result. 

THEOREM: Let L be a finite separable extension ofF, [L : F] = r. Let [•,a)L 

be a p"-symbol in Br(L), then 

r 

corL/F[w,a)n = E[wi,ai)F 
i=1 
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for some ~1,w2,. . .  ,Wr in Wn(F) and al, a2, . . . ,  ar in F*. 

Proof." By the lemma 

c L( 

for some bl, bz, . . . ,  br in F. And therefore the purely inseparable extension 

L( " ~ 1 , .  • •, "~'b'~) of L clearly splits the pn-symbol algebra [w, a)L. So by Propo- 

sition 2 there exists W l , ~ , . . .  ,wr in Wn(L) such that 
r 

t ,a)n = 
ira1 

And finally by Proposition 3(ii) in Br(F) we have 
r 

corL/F[W, a)L = E [ T r L / F W i ,  bi)F.  

The following comment has been pointed out by the referee. If F is of tran- 

scendence degree d over a perfect field, then for any finitely generated subfield 

E of F, E 1D is generated over E by d + 1 elements. If L is a finite separable 

extension of F of degree r, then the corestriction of any pn-symbol from L to F 

is a sum of at most m f - symbo l s  in F,  where m = rain(r, d + 1). 

2. An Example  

The theorem above shows that if L is a finite separable extension of F of degree r 

then any element of Brp-(F) which is the corestriction of a pn-symbol in Brp-(L) 

is a sum of f - symbo l s  with at most r terms. 

The following example proves that this bound is the best possible. Let 

U l ,  l P l , . . .  , Ur, t7 r 

be 2r independent variables over a field k of characteristic p. Let 

L := k(ul ,  v l , . . . ,  ur, v , )  

and cr be the automorphism of L defined by 

olk = l k ,  

~(u~) = u~+~ for 1 _< i < r and ~(u , )  = u~, 

~(v~) = v~+~ for 1 < i < r and a(Vr) = Vl. 

Let F := Fix ~. In [M, §4] it is proved that the corestriction of the p-symbol 

[ul,vl)L (i.e. COrL/F[~I,I~I)L) is not  a sum of less than r = [L : F] p-symbols in 

Br(F). Similarly we have 
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PROPOSITION 4: Let ~ = (ux,O,... ,0) E Wn(L), then COrL/F[W, Vl)L iS not a 

sum o{p"-symbols with less than r terms. 

Proo£- Recall first that for a = ( a l , a2 , . . .  ,an) E Wn(L) we have p.a = 

(0,a~, . . .  ,ot~_l). So using the rules in Proposition 1 we see that in Br(F) 

pn-l.corL/F Its, Vl ) = CorL/F ~n-1 .t~, Vl )L 

-: corL/F[~ ~-t , ~I )L 

-: corL/F[Ul, Vl )L. 

Since for any f - s y m b o l  a clearly pn-l.o~ is a p-symbol, we conclude by the 

remark above. | 

3.  O n  t h e  Decompos i t ion  of  Cyclic p - A l g e b r a s  

The following proposition improves TeichmiiUer's bound for cyclic p-algebras. 

PROPOSITION 5: Let A be a cyclic p-algebra o[ degree p" and exponent pC. Then 

[A] is a sum of f -symbols  in Br(F) with at most p , -e  terms. 

Proof: Let K be a maximal subfield of A cyclic over F,  and L an extension of F 

in K such that [K : L] -- f .  Then by [Ti, Lemma] the image of the corestriction 

homomorphism 

c o r L / F  : Br(K/L) --, Br(K/F) 

is the f - tors ion  subgroup Brp.(K/F). Since [A]E Brp.(K/F), then 

[A] = corL/F[W , a)L 

for some f - symbol  in Br(L). The theorem gives the thesis. | 

Observe that for e = n the proposition gives the expected bound (i.e. 1). 

4.  R e m a r k  

Let F(a) and F(c) be finite separable extensions of F. In [M] it is proved that 

the corestriction homomorphism satisfies the following reciprocity law: 

corF(,)/F[a, = corF(c)/F[C,p(C))F(c) 

where/( ) = F)  and = F).  
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It would be interesting to know how this formula generalizes to f - symbols .  

It is perhaps useful to observe that in general 

corF(a)/F[(a , 0 , . . . ,  0), f(a))F(a) ~ COrF(c)/F[(C, 0 , . . . ,  O),p(C))F(c). 

Indeed, let M = F2 (X1, X2, X3, Y1, Y2), the rational function field in five variables 

over F2. Let a be the automorphism of M which permutes cyclically X1, X~, X~ 

and fixes Y1, Y2 and similarly let y be the automorphism of M which permutes 

cyclically IT,, }'2 and fixes XI, X~, X3. Set F := Fix (a, r), f (x)  = Irr (Yl, F)  and 

p(x) = Irr (X1, F). Then using the rules of Proposition 1 it can be shown that 

corF(zl)/F[(Xl,0), f(X1))F(Xl) -- COrF(yl)/F[(Yl,0),p(Yl ) )F(yi) 

= [(Xl + )(2 + X3)(Y~ + Y2), Y~ + Y2)F. 

Since the quaternion algebra [(XI + X2 + X3)(r, + Y2), (]I1 + YZ))F is a division 

algebra (this is clearly a division algebra over M) this proves our observation. 
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